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Let X be a Tychonoff space and let all subsets of cardinality ~7 of X be closed (and 
C*-embedded). Then X can be embedded as a closed subspace in a pseudocompact Tychonoff 
space Y such that all subsets of cardinality GT of Y are closed (and C*-embedded). As an 
application of this result we construct a pseudocompact connected left-separated Tychonoff space 
having all its subsets of cardinality G 7 closed and C*-embedded. 
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Every countably compact space contains some countable non-closed subset. By 
joint efforts of K. Kunen, M. Rudin, J. Ginsburg and V. Saks a pseudocompact 
Tychonoff space was constructed which had all its countable subsets closed and 
C*-embedded. But this was made under assumption of the continuum hypothesis.’ 
In this paper for any cardinal T we construct a ‘real’ (= using no axioms beyond 
ZFC) example of pseudocompact Tychonoff space having all its subsets of cardinality 
QT closed and C*-embedded.’ 
Notations and terminology follow [4]. All spaces are assumed to be Tychonoff. 
If X is a space and M c X, then [MIX denotes the closure of M in X. Symbol T 
denotes infinite cardinals, I denotes the closed interval [0,2] with the usual topology. 
If Bc A, then TV: IA+ IB is the projection. A set Xc IA is r-dense in IA iff 
rB(X) = ZB for any B c A with IBI s T. 
’ Here is the history of this example. Under continuum hypothesis CH Kunen [6, Theorem 31 and 
Rudin [8, IV.C.Z] constructed a non-P-point q E PN\N such that q is not in the closure of any countable 
subset of PN\( N v {q}). Another construction of such q can be found in Theorem 16.17 of [l]. Later 
Ginsburg and Saks proved that for every non-P-point q E /3N\N the space T(q) = {p E PN\N: p is of 
the same type as q} regarded as a subspace of /3N\N is pseudocompact [5, Theorem 5.31. Hence, under 
CH the space T(q) for Kunen and Rudin’s q is an example of pseudocompact Tychonoff space all 
countable subsets of which are closed and C*-embedded. Finally, Kunen [7, Theorem 0.21 constructed 
the point q described above under the weaker assumption of Martin’s axiom. 
’ The existence of such a space was announced by the author in [9]. 
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Let A be a set and let fe: X + I be a mapping for every (Y E A. Let f = 
A{fa: (Y E A} : X + IA be a mapping assigning to the point x E X the point f(x) E IA 
such that n,f(x) =fa(x) for any (Y E A. The mapping f is called the diagonal of the 
family {fa: (Y E A} of mappings [4, p. 1101. 
Recall that a space is pseudocompact iff every continuous real-valued function 
defined on it is bounded. A subset M of a space X is C*-embedded iff every 
bounded continuous real-valued function defined on M can be extended to a 
continuous real-valued function on X. Recall that a space X is left-separated iff 
there is a well-ordering < on X such that the set {y E X: y < x} is closed in X for 
every x E X. 
Theorem 1. Let X be a Tychonofl space and let all subsets of cardinality s T of X be 
closed. Then X can be embedded as a closed subspace in a pseudocompact Tychonofl 
space Y such that all subsets of cardinality s r of Y are closed. 
Theorem 2. Let X be a Tychonofl space and let all subsets of cardinality s T of X be 
closed and C”-embedded, Then X can be embedded as a closed subspace in a 
pseudocompact Tychonofl space Y such that all subsets of cardinality ST of Y are 
closed and C”-embedded. 
Remark 1. All subsets of cardinality =ST of a space X are closed and C*-embedded 
if and only if all subsets of cardinality GT of X are b-embedded. A subset M of a 
space X is called b-embedded iff every (not necessary continuous) bounded real- 
valued function defined on M can be extended to a continuous real-valued function 
on X. 
Remark 2. In Theorems 1 and 2 the space Y is connected and r-dense in some 
Tychonoff cube I”. 
Remark 3. If in Theorems 1 and 2 the space X is left-separated, then so is the 
space Y. 
Corollary 1. For any cardinal T there exists a pseudocompact connected left-separated 
Tychonoflspace having all its subsets of cardinality CT closed and C*-embedded. 
A key to our constructions is the following. 
Proposition 1 [3, Lemma 41. Let X be a dense subspace of the Tychonofl cube IA. 
Then the following conditions are equivalent: 
(i) the space X is pseudocompact, 
(ii) the set X is &-dense in IA. 
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For the sake of completeness we will give the proof. 
Proof of Proposition 1. (i)+(ii). Let B be a countable subset of A. The space aB(X) 
being a continuous image of pseudocompact space X, is pseudocompact, and since 
IB is metrizable, 7rB(X) is compact. Since rB(X) is dense in IB, we conclude that 
XB(X) = IB. 
(ii)+(i). Let f: X+6! be a continuous function. Since X is dense in IA, by 
Corson’s Theorem [ 2, Theorem 21 there exists a countable set B c A and a continuous 
function g: rB(X) + R such that f= g onBIx The function g being a continuous 
function on compact space IB = rB(X), is bounded, and thusf is bounded also. q 
The following proposition plays an auxiliary r61e and its proof will be omitted. 
Proposition 2 [lo]. Every &,-dense subspace of IA is connected. 
Constructions 
Let 0 be a set of cardinality w(X) and A be an initial ordinal of cardinality 
27W(X)) where w(X) is the weight of the space X. Without loss of generality we 
will assume that XnA=0, xne=0 and An0=0. Let E,= 
{x E IB”A : I(a~0uA: T~(x)#O}IST} b e a Z,-product with the basic point all 
coordinates of which are equal to zero. Let {gP: p E A} be an enumeration of 2, 
with the following property: 
(e) For any g E .Z7 the set {(Y E A : g, = g} is cofinal in A. 
Henceforth we will equip the set X u A with the topology of direct sum of the 
original space X and the set A with the discrete topology. Note that if all subsets 
. . 
of cardmahty G 7 of X are closed (b-embedded), then the same is true for X u A. 
By the Tychonoff embedding theorem (cf. [4, Theorem 2.3.251) there exists a 
family { $a : (Y E f3) of continuous functions $cl : X + I such that the diagonal mapping 
A{I,!J~: a E 0} : X + 1’ is a homeomorphic embedding. For every (Y E 8 let fa: X u A + 
I be a mapping such that f_ Ix = IJJ~, and fm( y) = .rr”(g?) for any y E A. 
Now for every (Y E A we are going to define a mapping fa: X u A -+ I. The 
constructions in Theorem 1 and Theorem 2 will be slightly different, and we consider 
two cases. 
Case 1 (Theorem 1). Let At, = {(A, a): a E X u A, A = X u A, a G A, IAl G 7). Since 
(.M1) = IAl, there is an enumeration {(A,, a,): (Y E A} of A, with the following 
property: 
(*,) For any (A, U)E 4, the set {a E A: (A,, a,) =(A, a)} is cofinal in A. 
Since all subsets of cardinality c T of X u A are closed, for every (Y E A we can fix 
a continuous function GIa: X u A + [0, l] such that I,G~(u,) = 1 and $,(A,) c (0). 
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Case 2 (Theorem 2). Let &={(A, B): A, Bc Xv A, An B =0, IAl< 7, IBIG T). 
Since 1_&/ = /A 1, th ere exists an enumeration {(A,, B,): (Y E A} of A, with the follow- 
ing property: 
(*1) For any (A, B) E Ju2 the set {a E A: (A,, B,) = (A, B)} is cofinal in A. 
Since all subsets of cardinality s-7 of Xv A are closed and C*-embedded, for 
every a E A one can fix a continuous function $I, : X u A + [0, l] such that $, (A,) c 
(01 and (cI,(B,)={lI. 
From now on the constructions in Cases 1 and 2 will be similar. Define a function 
pa: A + I by the formula 
( 
ra(gy) if a < 7, 
G(Y)= 2 if (Y = y, 
h(Y) if y < ff. 
Let fa: X u A + I be a function which coincides with cpO on A and with $a on X. 
Finally,letj=A{f,: ~EB~A}:X~A+Z~“” be the diagonal of the family { fa : (Y E 
8 u A} of mappings. The desired space Y = j(X u A) c I’“” is an image of the set 
X u A under the mapping j. 
Lemma 1. The space j(X) is homeomorphic to X. 
Proof. Since for every a E 8 u A the mapping fm Ix = +, is continuous, the mapping 
j], = A{$_: a E 0 u A} is also continuous. On the other hand, since the mapping 
A{$,: (Y E O> is homeomorphic embedding, so is the mapping jl,. q 
Lemma 2. The set j(X) is closed in Y. 
Proof. Choose a y E A. Then f,(X) = CL,(X) c [0, l] and f,( y) = 2. Therefore j( y) g 
[j(X)], 0 
Lemma 3. The set Y is T-dense in I’“,‘. 
Proof. Let DceuA, 1111s~ and ~EZ~. Then there is a g6 2, with r,(g) =y. 
Applying (*), choose a /3 E A such that p > sup{ y: y E D n A} and g = g,. Then 
j(p) E Y and ?i-D(j(p)) =y. So we have proved that rD( Y) = ID foranyset DC 0uA 
with JDIs 7. ~3 
As a consequence of Lemma 3, and Propositions 1 and 2 we obtain the following 
Lemma 4. The space Y is pseudocompact and connected. 
Lemma 5. In Case 1 all subsets of cardinality ST of Y are closed. 
Proof. Let MC x IMJ GrandyE Y\M.ThereareAcXuA andaEXuA such 
that j(A) = M, j(a) = y, a & A and JAI s T. By (*,) one can find a PEA with 
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/3>sup{y: y~(Au{a})nA}, A,=A and ap=a. Thenfp(a)=lCrp(u)&[[cCrp(A)]I= 
[fp(A)],, and thereforej(u)=yg[[M].=[j(A)], 0 
Lemma 6. In Case 2 [M]p,a n [N]p.i = 0 whenever M, NC Y, (MI s 7, INI s 7 
andMnN=@ 
Proof. There are A, B c X u A such that j(A) = M, j(B) = N, IAl s T, 1~1 s T and 
A n B = 0. Applying (ez), we can find a p E A with p > sup{ y: y E (A u B) n A}, 
A, =A and BP = B. Then fp(A) = rCrp(Ap), fp(B) = $J~(B~), and thus [fP(A)lI n 
[fP(B)lr =!I Therefore [M],e-A n[N]pI =0. 0 
Lemma 7. In Case 2 all subsets of curdinulity ST of Y are closed and C*-embedded. 
Proof. Choose a DC Y with IDI G 7. From Lemma 6 it follows that D is closed (in 
Y) and discrete (in subspace topology). Set 2 = [D],eu*. By Lemma 6 [Ml= n 
[N& = 0 whenever M, N c D and M n N = 0. Hence Z coincides with the Stone- 
Cech compactification /3D of the discrete space D [4, Corollary 3.6.21. 
Let f: D -+ R be any bounded function. Since Z = PD, there is a continuous function 
f: Z+R with fir, =f: By the Tieize-Urysohn theoremJcf. [4, Theorem 2.1.$]) one 
can find a continuous function f: IBu” + R such that flz =f The function flY is a 
continuous extension off over Y. q 
Lemma 8. If the space X is left-separated, then so is the space Y. 
Proof. Since the space j(X) is closed in Y, it suffices to prove that the natural 
well-ordering {j(y): YE A} of j(A) is left. Fix p E A. Then fP(p) = 2, and fp(cu) = 
P~(Q)=$~(LY)E[~,~] for any cu<p. Thus the set {j(a): cr</3} is closed in j(A) 
for any p E A. q 
Remark 4. It is easy to see that if Y is T-dense in I”, then Yk is r-dense in (Z”)k 
for any cardinal k. Applying Remark 2 (which follows from Lemma 3) and Proposi- 
tion 1, we conclude that not only the space Y from Theorems 1 and 2 is pseudocom- 
pact, but any power Yk of the space Y is pseudocompact as well. 
For a conclusion let us mention an open question which arises in connection with 
Corollary 1. 
Question. Is there a pseudocompact Hausdorff topological group having all its 
subgroups of cardinality ~7 closed (and C*-embedded)? 
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